Results from applying a Crank-Nicholson parabolic equation method (CN-PE) are presented in situations with a thin screen on a hard ground in a turbulent atmosphere, and with the acoustic source at ground level. The results are evaluated by comparison with G. A. Daigle's model, which uses the sound scattering cross-section by V. I. Tatarskii together with diffraction theory. The results show a fairly good agreement for situations where the receiver is above ground, thus indicating that both methods are applicable to the problem. When the receiver is at ground level the two methods lead to large differences in insertion loss since only the PE method predicts that turbulence causes an increased sound level in the case without a screen. For the situations considered in this paper a turbulent atmosphere is shown to significantly decrease the sound reduction by a screen. An approximation in the representation of a turbulent atmosphere in the CN-PE method is presented, and is shown to lead to an acceptable error in limited cases.
Introduction
In a turbulent atmosphere acoustic properties will vary stochastically from point to point giving rise to a scattered sound field that increases the sound in the acoustic shadow of a barrier. In this paper the application of the parabolic equation method (PE) to a thin screen in a turbulent atmosphere is presented, thereby further widening its applicability. In order to evaluate the results from the PE an alternative model is used, which is based on a model by Daigle [1] , using the sound scattering cross-section [2] and diffraction theory.
In order to increase the understanding of how a turbulent atmosphere influences sound propagation, and to enable a better prediction of noise levels in defined realistic situations, several different models have been applied, leading to different numerical methods: the different PE methods [3, 4] , the fast field program (FFP) [5] , and the Heuristic model by L'Espérence et al. [6] Paper I
The PE method was first developed to study the propagation of radio waves in the troposphere in the mid 1940's. For sound propagation in the atmosphere a finite difference implementation of the PE was made in 1989 by Gilbert and White [7] , preceded by application to underwater sound propagation. More recently a faster implementation called FAST-PE or Green's function PE (GF-PE) was implemented for outdoor sound propagation [4] . The PE method has been evaluated by comparison to other methods (e.g. [8] ) and has proved to be a useful tool for a large variety of outdoor conditions: ground impedance variations [9] , sound reduction by screens [10] , smoothly varying terrain profiles [11] , and height dependent sound speed profiles and atmospheric turbulence [3, 12] . One limitation of the PE method is that a correct solution is obtained only at low angles from the horizontal, thereby restricting the method to situations where all parts of the medium and the ground of importance to the sound field must be at low angles from the source and receiver. For instance a noise barrier must be low compared to its distance from the source and receiver.
In an upward refracting atmosphere, taking into account the effects of atmospheric turbulence is essential for predicting the sound energy in the refractive shadow zone. Turbulence causes scattering of energy into a refractive shadow and the same phenomenon occurs for the geometric shadow caused using a screen [1] .
With the intention to isolate the problem with screens and turbulence the investigations of this paper are made for a hard ground. A 10 or 20 meter high screen is placed 100 or 200 meters from the source and the sound field is solved up to 1000 meters in range. It can be shown (section 2.2) that the contribution from turbulence scattering will increase relative to free field when the height of the screen, as well as its distance from source and receiver, are enlarged by the same factor. Therefore, and because of the limited angle of correct solution in the PE, these large geometries with comparably low screens are chosen. The scattering by turbulence is very small at low frequencies and therefore the calculations are made for 500 and 1000 Hz, where significant scattering occurs for these geometries. The model by Daigle using the scattering cross-section was developed for source and receiver on the ground surface, and showed reasonable agreement with measurements. In this study an additional receiver position at the height of the screen edge is used.
In section 2 of this paper the theories of the Crank-Nicholson PE method (CN-PE) and the sound scattering cross-section are briefly presented. Evaluation and comparison of the results calculated according to the two models are presented in section 3. Conclusions are in section 4. A more detailed and exten-sive description of the CN-PE than will be given here can be found in the thesis by Galindo Arranz [9] .
Theory
In order to evaluate the results of applying the PE method to a turbulent atmosphere with a screen, reference calculations are made following a similar procedure to Daigle's [1] : The energy scattered by turbulence is calculated using the sound scattering cross-section by Tatarskii [2] and is added to the diffracted energy in the shadow of the screen. In this paper the uniform theory of diffraction (UTD) [13, 14] is used to calculate the field diffracted by a thin, hard screen with the edge normal to a line through the source and receiver. For the situations considered in this paper the screen is located many wavelengths from the source and receiver, and thereby the high frequency restriction of the UTD is well fulfilled [15] .
The Crank-Nicholson parabolic equation method

The finite difference scheme
The PE method solves the Helmholtz equation in the far field and near the ground for the outgoing wave. The back-scattered field is neglected and the solution is obtained by an algorithm stepping forward in range an initial starting field. The parabolic equation is derived from the Helmholtz equation. In the two-dimensional case, an azimuthally independent geometry is often assumed and cylindrical co-ordinates are used. A substitution for the pressure Ô´Ö Þ µ is applied:
where Ö is the horizontal distance from the source, Þ the height, ¼ a reference wave number (e.g. the mean acoustic wave number in the domain of interest), and where the time factor ÜÔ´ Øµ has been suppressed. The function ´Ö Þ µ, which is solved for in the numerical calculations, is assumed to vary more slowly in range than Ô´Ö Þ µ. By also applying the approximation for the far field, the two-dimensional one-way parabolic equation for the outgoing wave can be written
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where Ò´Ö Þ µ is the spatially varying index of refraction. Following Gilbert et al. [3] the index of refraction is written as a deterministic part Ò ´Þµ, describing a height dependent sound speed profile, plus a range and height dependent fluctuating stochastic part ´Ö Þ µ describing the effect of atmospheric turbulence according to the so-called frozen turbulence hypothesis. The deterministic and stochastic parts of the index of refraction are then separated using the approximation
which, according to Gilbert et al. [3] , is valid for low angles of propagation with respect to the horizontal ( ½¼ AE ) and small fluctuations in compared to the mean index of refraction ( ½¼ ¿ ). The CN-PE uses a finite difference scheme where a system of equations with sparse matrices are preferable. Therefore the square root on the right hand side of equation (3) (4) can be written as a system of equations with tridiagonal matrices,
where is a column vector at a discrete range Ö containing elements ´Ö Þ µ for all discretized values of Þ. The matrices in equation (5) can be formally written as
As starting field at Ö ¼ a Gaussian image source is used, approximating a monopole source and its reflection at ground [4] . Other possible starting fields have been presented and tested by Galindo [9] . These alternatives can provide a correct solution within a wider angle than the Gaussian image source. However, they only improve the solution for free propagation from the source and not for the scattering from obstacles, such as screens or turbulence.
The ground is described as an impedance plane and a second-order accurate ground boundary condition is used, as presented by West et al. [17] .
To prevent the upper boundary of the calculation domain from causing reflections, an attenuating stratum is created by adding an imaginary part ´Þµ to the square of the index of refraction Ò . Following Galindo [9] , the function ´Þµ inside the attenuating stratum can be written
where is the thickness of the stratum that starts at Þ . A thin screen is represented by setting the pressure field equal to zero from the ground and up to the screen edge at the range step of the screen. This is not a physically correct procedure, as already discussed by Salomons [10] , but works for screens that are low in comparison to its distance from the source and receiver. In such cases the reflective properties of the screen are of small importance [18] ; moreover, the PE can accurately predict the part of the incident field above the screen which predominantly determines the diffracted field at the receiver. The reflected wave caused by the screen is neglected, which also leads to an incorrect solution near the screen, on the receiver's side. This will only weakly affect the predictions of the turbulence scattering because both the scattering angles and the distance to the relevant receiver positions are large.
Description of turbulence
The stochastic part of the index of refraction is calculated according to Gilbert et al. [3] , assuming homogeneous and isotropic turbulence and using a Gaussian auto correlation function for :
where Ê and × are two vectors in space, × × , ¼ the standard deviation of ´Ö Þ µ, and Ð the correlation length. This corresponds to a spectral density of that also is Gaussian:
The representation of the turbulence in the PE method is only two-dimensional, i.e. the inhomogenities are azimuthally constant.
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The Gaussian spectral density of the fluctuating index of refraction (9) is not a physically correct description of the turbulence for the whole wave number range. However, according to [19] it can be used as an acceptable approximation in the range of wave numbers dominating the scattering in typical situations with a refractive shadow. It is assumed to be an acceptable approximation for the situations considered here as well.
A turbulent atmosphere varies over time as well as in space and therefore the PE is applied to many different realisations of ´Ö Þ µ, seen as instantaneous representations of a turbulent atmosphere, each fulfilling the Gaussian auto correlation function (8) . In this way mean value and standard deviation of the acoustic energy at a receiver position can be estimated. For the results presented in this paper, 50 realisations of ´Ö Þ µ are used, which in the calculations lead to an estimate of the normalised standard deviation of the mean value smaller than 1 dB, i.e.
where AE ¼ is the number of realisations and Ô the calculated pressure. The mean pressure is calculated for the screened and unscreened cases separately before determining the insertion loss.
Approximation of the turbulence representation
The elements of Å are proportional to ´Ö Þ µ and without turbulence all elements of Å are equal to zero. The matrix Å would then be factored into a lower and an upper triangular matrix only once and the solution obtained evolutionary via Gaussian elimination. With a non-zero Å one would need to factorize Å ½ ¾ Å for each range step. To avoid this, and thereby decrease the calculation cost by approximately half, an approximation is made:
The error introduced using the above approximation depends on the discretization and the strength of the turbulence and becomes very small at each range step, but accumulates over distance. In the calculations the value
of the strength of the turbulence is used, which leads to an acceptable error (e.g. at 500 Hz the error of the mean pressure is about 0.15 dB at range 1000 meters).
With the screen, however, the approximation (11) leads to unstable solutions for some realisations at 1000 Hz. Therefore all calculations with a screen at 1000 Hz are made without this approximation. 
Sound scattering cross-section
Inhomogenities in the atmosphere will scatter acoustic energy down into the shadow formed by a barrier. One way to estimate the scattered energy is by using the sound scattering cross-section by Tatarskii [2] . This is a single scattering approximation where the turbulence is assumed weak enough so that the wave incident on an inhomogenity can be approximated by the wave calculated for a non-turbulent atmosphere. Furthermore a far field condition is invoked,
where is the acoustic wavelength and the distance from an elementary scattering volume to the receiver (see Figure 1) . Condition (12) justifies an uncorrelated summation of the contribution from different elementary scattering volumes and the total received scattered energy can be written as [ 
where Ô ¼ is the incident pressure, ´ µ the scattering cross-section, and the scattering angle. The volume of integration Î consists of all points in line of sight from both source and receiver (i.e. above both dashed lines in Figure 1 ). Following Tatarskii [2, p. 160] the scattering cross-section is written
where¨´ µ and ´ µ are the spectral densities of the temperature and the wind velocity fluctuations respectively, Ì ¼ the mean temperature, ¼ the mean sound
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velocity, and the wave number of the turbulence, fulfilling the Bragg condition
The incident pressure Ô ¼ in equation (13) is calculated without taking into account the field diffracted by the screen. This will lead to an overestimation of the scattered energy since the strongest scattering will come from parts of the scattering volume that are near the shadow boundary, where the incident pressure is weakened by diffraction. A more accurate prediction of the scattered energy can be obtained by considering the diffracted field in the entire scattering volume. Equation (13) describes the time average of the energy scattered by turbulence. The turbulence can be seen as a composition of Bragg planes with separation distance ¾ causing scattering of energy proportional to the spectral density at .
According to this model the scattered energy will, relative to free field, change with the same factor as the geometry is scaled. To see this let the height of the screen, as well as its distance from source and receiver, be doubled. Substituting for these new variables in the integral (13) will cause an increase by a factor eight in Î and a factor four in ¾ . Relative to free field Ô ¾ ¼ will stay constant and, as a result, the scattered energy will be doubled (i.e. increased by 3 dB relative to free field).
For a receiver positioned on the surface of the hard ground a pressure doubling is assumed. When the receiver is located above ground, each elementary scattering volume scatters at different angles the direct and ground reflected energy to the receiver. The different scattering angles correspond to different wave numbers of the turbulence which are assumed uncorrelated. Therefore, in the case of a receiver well above ground in relation to the acoustic wavelength and the medium correlation length, the direct and reflected energies are added. Points in the scattering volume straight above the receiver do however have the same angle for the direct and the reflected path, but at these points the scattering cross-section is very small due to the large scattering angle, and the error introduced is negligible compared to the energy scattered at smaller angles.
When calculating the integral (13) numerically, the volume of integration Î is increased until further contribution to the scattered energy is negligible, resulting in a volume from the source to receiver about 100 meters high and 200 meters wide.
To get the same spectral density of the stochastic index of refraction in the PE calculations as for the scattering cross-section, only temperature fluctuations are considered, since a Gaussian correlation function for the wind velocity in longitudinal direction does not lead to a Gaussian spectral density of [20, 21] . A Gaussian correlation function for the temperature,
where Ì is the standard deviation of the temperature fluctuations, results in three-dimensional space to a Gaussian spectral density,´
The standard deviation of the fluctuations in index of refraction ¼ is related to
Results
In all calculations with a turbulent atmosphere Figures 2-9 . The two solid lines represent insertion loss in a turbulent atmosphere, calculated according to the two different theories: The PE method, and the model using the scattering cross-section together with diffraction theory (UTD). The two dotted lines represent insertion loss in a homogeneous atmosphere, calculated using the PE method and the UTD respectively. The dashed line represents the scattered energy, calculated using the scattering cross-section alone. The insertion loss is shown at ground level in Figures 2-5 and at the height of the screen edge in Figures 6-9 . The results are presented as the sound pressure level calculated in the screened case with the unscreened pressure as the reference (i.e. the negative value of insertion loss).
The attenuating stratum used in the PE starts at height Þ ½¼¼ m, with a thickness ½¼¼ m. The results from the PE calculations for the insertion loss in a non-turbulent atmosphere compared with the results from using UTD show good agreement for receiver range about two times Ö × and more (Figures 2-9 ). Since the dominating scattering by turbulence will be produced near the shadow boundary 
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the PE results for the turbulent atmosphere are expected to be valid from about two times Ö × as well. The implementation of the PE used here is not applicable to geometries where the screen edge is located at a much larger angle than considered here (about AE at most). This can be seen by comparing the PE results at ground level for (Ö × , Þ × ) = (20, 200) and (10, 200 ) m, for a homogeneous atmosphere (Figures 3 and 4) . For the lower screen (Figure 4) , the deviation from the predictions by the UTD is smaller than 0.5 dB at longer range; whereas when the screen height is doubled, the deviation is close to 1 dB (Figure 3) . By further increasing the screen height, the error in the PE solution will become unacceptable.
Introducing a screen in the PE induces spurious oscillations in the solution. By averaging the solution over a few range steps (corresponding to about one wavelength), these oscillations are diminished [10] .
When the receiver is at ground level, the PE calculations show a very small effect of turbulence on insertion loss, as can be seen in Figures 2-5 . This is due to constructive interference of the scattered field when the source and receiver are on the surface of a hard ground. It can be described as the hard ground giving rise to a mirror image of each inhomogenity and the coherency in the turbulence scattering causes the relative sound pressure level to increase over distance in the case without a screen. At 1000 meters range the increase is about 2 dB at 500 Hz and 6 dB at 1000 Hz. In the case with a screen the efficient scattering volume is smaller and has large scattering angles, leading to a weaker image scattering and, therefore, the PE predicts a small decrease in insertion loss at ground level when taking turbulence into account. At 1000 Hz the effect from image scattering even grows strong enough to predict an increased insertion loss with turbulence ( Figure 5 ). However, this effect predicted by the PE would not likely be detected in real situations where the ground is neither perfectly flat nor infinitely hard. The model using the scattering cross-section takes turbulence into account only in the screened case and therefore predicts a strong influence of turbulence on insertion loss at ground level. The effect of image scattering is not present above ground. At heights of 10 and 20 meters the PE calculations show sound pressure levels that, for the unscreened cases, are close to 6 dB relative to free field, for the whole range.
The results of practical interest are for the higher receiver positions where there is negligeable influence of image scattering. For these cases the two methods lead to similar results and they show that the effect of turbulence on insertion loss is strong. The scattered energy at the height of the screen edge gives, at longer range, an overall decrease in insertion loss of about 2-5 dB ( Figures  6-9 ). At points of cancellation of direct and reflected diffracted waves, the intro-duction of turbulence causes decorrelation which, together with the scattering from the insonified region, lead to a further decreased insertion loss. It can be seen that the choise of geometry effects the influence of turbulence. When the height and the range of the screen is doubled (Figures 6 and 7) the influence of turbulence scattering increases because the diffracted field becomes weaker while the scattered field stays about the same at longer range. When the distance from the source to the screen is increased (Figures 6 and 8) , both the scattered and the diffracted fields grow stronger at longer range. Increasing the frequency will decrease the strength of the diffracted field and lead to an increased influence of the turbulence (Figures 6 and 9) . Moreover, increasing the frequency would normally also lead to stronger scattering, but the Gaussian spectral density of the turbulence, used for these predictions, decays rapidly with increasing wave number and does not yield the expected, increased scattering when the frequency is changed from 500 to 1000 Hz.
For the receiver at the height of the screen edge, the calculations using the PE and the scattering cross-section show good agreement for (Ö × , Þ × ) = (100,10) m, both at 500 and 1000 Hz (Figures 6 and 9) . However, when the screen is located 200 m from the source, the scattering cross-section predicts about 3 dB stronger scattering than the PE, at longer range (Figures 7 and 8) . The reasons for these differences are not clear to the author but are assumed to depend mainly on three things. First, neglecting diffraction when calculating the incident pressure Ô ¼ in equation (13) leads to an overestimation of the scattered energy. Second, the single scattering approximation may be too coarse for these large geometries. Third, there could be large effects from modelling the turbulence as twodimensional (in the PE method) instead of three-dimensional. Both the limitation of applicability of the single scattering approximation and the effects from modelling the turbulence as two-dimensional should be further investigated.
Conclusions
The finite difference PE method is applicable to a situation with a screen, as also shown by Salomons [10] . The applicability is however restricted to a screen that is low in comparison to its distance from the source and receiver.
For the situations studied here both the PE method and the model using the scattering cross-section lead to similar results when calculating the energy scattered by turbulence into an acoustic shadow formed by a screen. This indicates that both models are applicable to the situation. There are, however, large differences between the two models, and discrepancies between their results. This calls for further investigation of their accuracy and range of applicability Paper I via comparison of numerical and measured data. In particular, the effects of modelling the atmosphere as two-dimensional and the limitation of the single scattering approximation should be clarified.
The model using the scattering cross-section is not restricted to small angles from the horizontal, as is the PE method, and is much faster numerically. Therefore, in situations where it is applicable it could be an alternative to the PE.
For the situations presented here the scattering by turbulence is shown to significantly decrease the sound reduction by a screen.
When the source is on a hard ground the PE method predicts a strong constructive interference of the turbulence scattering at ground level. The constructive interference is stronger without a screen and therefore the turbulence causes a small decrease in insertion loss at ground level.
An approximation for the inclusion of turbulence in the CN-PE is presented. For the turbulence strength used here, the approximation leads to acceptable errors in all cases without a screen. However, in the case with a screen at 1000 Hz the calculations become unstable. The approximation makes the algorithm approximately twice as fast and, despite the instability caused by the introduction of the screen, can be useful for a variety of applications involving a turbulent atmosphere.
